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1 . Neighbourhood equivalence
→ aut . NBDCA)

- accepts Untime ILIAD
- infinitely many

States

2. Region equivalence → aut . Reg CA)
- accepts Untime

(LIA))

- finitely many
States
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Definition 1 (Neighbourhood equivalence) Two valuations v and v0 are said to be neighbourhood
equivalent, written as v 'nbd v0 if:

1. bv(x)c = bv0(x)c for all clocks x,

2. {v(x)} = 0 i↵ {v0(x)} = 0 for all clocks x

3. for every pair of clocks x, y:

(a) {v(x)} < {v(y)} , {v0(x)} < {v0(y)}
(b) {v(x)} = {v(y)} , {v0(x)} < {v0(y)}

Each equivalence class of 'nbd will be called a neighbourhood.

1. Group the following valuations over five clocks into neighbourhoods.

v1 := (7.4, 2.1, 8.7, 5.4, 7.0)

v2 := (3.4, 2.0, 8.5, 10.0, 7.1)

v3 := (7.3, 2.2, 8.8, 5.2, 7.0)

v4 := (7.5, 2.1, 8.9, 5.5, 7.0)

v5 := (3.2, 2.0, 8.8, 10.0, 7.5)

v6 := (3.3, 2.0, 8.4, 10.0, 7.2)

2. Below are combinations of v, � and v0 with v 'nbd v0. For each of them, find a �0 � 0 such that
v + � 'nbd v0 + �0.

v = (1.1, 2.0, 3.0, 4.0, 5.9) � = 3.4 v0 = (1.5, 2.0, 3.0, 4.0, 5.6)

v = (10.2, 4.8, 19.1, 2.0, 8.5) � = 5.4 v0 = (10.1, 4.9, 19.05, 2.0, 8.7)

Recall that v + � is the valuation obtained by adding � to each coordinate of v.
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THREE OBSERVATIONS ABOUT
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Lemma t: Let U Inba U
'

.

-

For every 830
, there exists 8

'

30 s . t . U-18 Inba V'+8
'

Pref : Constructing 8
'

. Firstly 8
'

= LS't t {8' } (3.4=3+0-4)

choosing Ls't : LS't = Lost

①⇒• v--
LS't { S ' }

choosing { S ' }' Ut Lst a-nbd v't LS't (since fractional parts do
-

-

not change by adding an

integer?
Let us look at the order of fractional parts in ut Lst ( or just v)
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By adding {s }
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We know that fractional parts in U't LS't ( or u ') have the same

order as above .

1) If {83 = l - {Ux,, } , then {8 'S ÷ I - { Uti, , }
⇒ If I - {Vxi, ,}

S {83 L l - {Vx, } , then {S' } := some Val . between

t - {vii.3 and I - Ev'xi}
37 If {83 = I - {Ux; ) Ken EO'S := I - { uh

,
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tenma : Let U Ihbd U
"

'

For every guard 4 : U satisfies y iff v
'

satisfies 9 .
( constants are

natural nos in guards)

N 55 A y = 2 A 234 n w ? 3
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Proof: Follows since : Lwin) I = ↳ '
la)

-

and { Vlatko iff Ev 'ln73 Hdocks a .



Lemma 3 : Let U Inba U
'
.

-

For every subset of clocks R : [RTV Inba [RIV'

Pwo Can be checked that each condition of Inba holds between

[RIV and CRJO'



Proposition -4: Let u =hbd V
"

' q8_s.
For every transition : ( q ,

v ) ( q , , Vi)

there exists a transition: ( q , v
'

) ( q , ,
Vi )

such that : V ' 2hbd U!

Proof :
-

Expanding (q ,
V) Lga , v . ) :

( g. v )
8- (q, u -1878¥> ( oh , Vi )
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( q , uh
→ ( ok, Uts -1 - (oh ,

Vi)
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Illustration of Proposition 4:
- - - -
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LYDIA) : Neighbourhood automaton .

States : ( q ,
Cv]nbd) Q x Neighbourhoods

-

Initial state : ( go , [ 8) nbd) go E Qo (initial state off)
-

Transitions :
-

(q , Cosma)
# (G" Eoinbd)

it there exists a transition Cq , v ) (oh , Vi) in

the semantics of A (Sa )

Final States : (91 , Cv) ) where q E F (final )
-

Theorem : Nbd CA) accepts Untime ILLA ))

Pirot: i ) LC Nbd (AD E Untime ILIA) )

(90, Cosma) Is C O ) ( o) - . . .
#(⑨ . O )

ii) Untime Klm E Ll Nbd HD

ai Az . . . An

there is a time word with an au - run :

( 90 , Vo) s 191, , u) 65 (game) → - - - - (9mm)
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-
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→ aut . NBDCA)
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- infinitely many

States

2. Region equivalence → aut . Reg CA)
- accepts Untime

(LIA))

- finitely many
States



REGION EQUIVALENCE :
- -

Maximum constant M : the maximum constant appearing in the guards of A .

- - -

Intuition: When a dock crosses Max constant M
,
its exact

-

value ( neighbourhood) is irrelevant
.

Bounded to) = E n l Vln) E M }

Bounded Cv' ) = { n I win) E M }
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THREE OBSERVATIONS ABOUT
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Lemma b- : Let u = v
'

.

-

-

M

For every 830
, there exists 8

'

Zo s . t . V-18 I U'+8
'

M

Lemma 6 : Let U I v
'

.

- M

For every guard Cf : U satisfies y Iff v
'

satisfies 9 .
with constant Emf

Lemma 7 : Let U I v
'
.

- M

For every subset of clocks R : [RT V e [RIV'
M

Proposition 8 : Let u v re
'

.

- -

-

M

For every transition : ( q ,
v ) ( q , , Vi)

there exists a transition: ( q , v
'

) ( q , ,
Vi )

such that : o , = u!Nl



REGION AUTOMATON REG CA) :
- -
-

States: ( q , r )
-

↳

region ( equivalence class of Em )

Transitions:
a

- ( q, r i - ( oh , m )

if there exists a valuation v e r s -t .

there exists a transition: ( q ,
u) (9,1 , uh in the

semantics Ss

sit . Vy E V ,

Initial and final States are as before .

Theorem: Reg CA) is a finite automaton accepting Untimeliness) .
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! fractional part o . (z
'" )

:

(M-is M)

µ 37 Ordering of fractional parts
( M, D ) among bounded dock

( Mtl)
" '

.
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